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Abstract 
In tolerancing analysis area, a classical approach consists in handling sets of linear constraints. These sets of constraints 
characterize the boundaries of the relative displacements between two surfaces of the same workpiece or between two surfaces of 
two different parts, potentially in contact. The relative position between any two surfaces of a mechanism is determined by 
operations on these sets of constraints (Minkowski sum and intersection). A method for solving these operations is to model each 
set of constraints by a polytope, which by definition is a bounded intersection of many finitely closed half-spaces in some n\ . 
However, the intersection of half-spaces simulating geometric constraints or contact is generally not bounded. This is due to the 
degree of invariance of a surface and the degree of freedom of a joint characterizing theoretically unbounded displacement. This 
article introduces the concept of "cap" half-spaces to delimit sets of constraints in 6\ . They are added to the operand set and in this 
way determining the relative position of two surfaces of a mechanical system is based solely on operations on operand polytopes 
generating a calculated polytope. By checking that a calculated polytope is included within a functional polytope the conformity of 
a mechanical system can be simulated with respect to a functional requirement. The addition of cap half-spaces to the operand sets 
will affect the topology of a calculated polytope. Hence it has to be possible to differentiate among all the facets of a calculated 
polytope between those that are generated by the cap half-spaces and the others generated by half-spaces that derive from geometric 
and contact constraints. This is essential in order to validate the geometric tolerances that ensure that a mechanical system is 
compliant in relation to a functional requirement. This article describes how to identify the facets generated by the cap half-spaces 
of a polytope resulting from a Minkowski sum or an intersection between two operand polytopes. 
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1. Introduction 
The aim of tolerancing analysis is to verify the 
mechanical system compliance with respect to functional 
requirements in terms of geometric specifications of 
constituent parts and contact specifications between 
parts potentially in contact.  
A geometric specification is defined by a set of 
constraints which characterizes all the possible positions 
of a real surface within a tolerance zone. A tolerance 
zone is a region bounded by a perfect geometry, offset 
from the nominal surface [1]. Similarly, a contact 
specification is defined by a set of constraints that 
characterizes all the relative positions between two 
surfaces of two distinct parts potentially in contact [2].  
In general, these sets of geometric constraints or 
contact constraints are operand sets that may be 
conformed to sets of half-spaces of 6\ . Giordano 
showed that the relative position of two parts resulting 
from several potential contacts can be formalized by an 
intersection operation on sets of contact constraints [3]. 
Fleming established the correlation between cumulative 
defect limits on parts in contact and the Minkowski sum 
of finite sets of geometric constraints [2]. More 
generally, the relative position between two surfaces of a 
mechanical system is characterized by a set of half- 
spaces, determined by operations (intersection and 
Minkowski sum) on operand sets [4,5]. Each operand set 
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is a polyhedron of 6\ . A polyhedron is an intersection 
of a finite number of closed half-spaces of 6\ . We 
distinguish two types of polyhedron: a geometric 
polyhedron associated to geometric constraints and a 
contact polyhedron derived from contact constraints. In 
general, a polyhedron defined in geometric tolerancing is 
not bounded. Indeed, the displacements leaving globally 
invariant a surface and the displacements corresponding 
to the degrees of freedom of a joint are not limited by 
constraints. Minkowski sum of polyhedra can induce a 
prohibitive computational complexity. To overcome this 
problem, we have chosen to work only with polytopes. 
A polytope of 6\  is a bounded polyhedron. Algorithms 
of Minkowski sums of polytopes dedicated to tolerance 
analysis where developed [6].  
This article describes how to identify the facets 
generated by the cap half-spaces of a polytope resulting 
from a Minkowski sum or an intersection between two 
operand polytopes.  
In the following, we limit ourselves to 6-dimension 
polyhedra and polytopes: the half-spaces arising from 
the geometric and contact constraints are linear 
inequalities in six variables: three rotation variables and 
three translation variables [4]. 
In the first part, some properties of polyhedra and 
polytopes are considered; the second part looks at 
determining the cap half-spaces which set boundaries to 
the half-space intersections resulting from geometric and 
contact constraints. 
The third and the fourth parts deal with the two methods 
of identifying the dependent facets of cap half-spaces in 
a summation and an intersection respectively. Finally, 
we will discuss on the main advantages of this method 
and some future developments will be presented.  
In this article, we put forward the following physical 
hypotheses: 
x no form defect in the real surfaces, 
x no local strain in surfaces in contact, 
x no deformable parts. 
2. Preliminaries on polytopes 
2.1. Polyhedron, polytope, face 
A polyhedron is an intersection of finitely many 
closed half-spaces in n\  (see Fig. 1(a)) [7,8]. This is the 
- description of a polyhedron [7]. We choose in this 
article, a set of m  half-spaces ^ `:n TH b   dx a x\  
to define a polyhedron (  according to (1).  
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Where 1 ,...,
T T
ma a  are the rows of A  and 1,..., mb b  are 
the components of b . 
A - polytope is a bounded - polyhedron (see Fig. 
1(b)). A -d polytope is a polytope of dimension d in 
some n\  ( d nd ). A 0-polytope is a vertex, a 1-polytope 
is an edge and a 2-polytope is a polygon. 
A hyper-plane H  is a support hyper-plane of (  if: 
and HH  z  ( ( (2)
A face F  of (  is the intersection between (  and 
one of its support hyper-planes. The faces of a d -
polytope (  are convex sub-sets of dimension 
, 0 1k k dd d   [9, 10]. 
A face of dimension d  is denoted -d face. A 0-face 
is a vertex, a 1-face is an edge and a ( 1d  )-face is a 
facet of ( . 
 
Fig. 1. (a) A 2-polyhedron 1(  ; (b) a 2-polytope  2(  
2.2. Dual cone, normal fan 
A cone is a non-empty set of vectors that, with any 
finite set of vectors, also contains all their linear 
combinations with nonnegative coefficients [7]. In 
particular, every cone contains the origin. For any 
arbitrary subset ^ `1 , ..., ndY y y  \ , the cone associated 
to Y  is defined as [7]: 
^ ` ^ `1 1cone( ) , 0 . ... . , 0d d iY Y t y t y t t    tt t (3)
Some examples of cones of dimensions 2 and 3 are 
given in [6,7].  
Every vertex v  of a polytope (  has an associated 
primal and dual cone as: 
x The primal cone is composed of sets of edges and 
facets associated to the vertex v . 
x The dual (or normal) cone is constructed as : 
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ż Every edge of primal cone is normal to a facet of 
dual cone, 
ż Every facet to primal cone is orthogonal to an edge 
of dual cone. 
A fan of n\  is a family ^ `1 2 k, ,..., CC C     of cones 
with the following properties: 
x Every non-empty face of a cone in    is also a cone 
of    , 
x The intersection of any two cones in     is a face of 
both. 
The fan    is complete if 
1
k
n
i
i
C
 
 \*  .  
If 1 2 k, ,...,CC C  are dual cones of a polytope( , the 
fan is called normal fan of (  and noted  & ( . 
We define the common refinement of two fans 1  
and 2    of 
n\  by: 
^ `1 2 1 1 1 2 22 : ,C C C C           (4)
2.3. Minkowski sum 
A Minkowski sum of two objects (  and )  is 
defined as [9,10]: 
^ `: ,p q p q    ( ) ( ) (5)
Some algorithms for computing Minkowski sums 
have been developed. They are based on the 
computation of the convex hull CH [11], the slope 
diagram [12] and the contributing vertices [13]. Some 
developments were dedicated to geometric tolerancing 
[6,14]. 
 
Fig. 2. Minkowski sum of two polytopes in 2\  
The normal fan of a Minkowski sum is the common 
refinement of the individual fans: 
       & ( )  & ( & ) (6)
3. Definition of operand polytopes in geometric 
tolerancing 
3.1. Geometric polyhedron, contact polyhedron 
The displacements of a surface in a tolerance zone are 
limited by a set of geometric constraints. The tolerance 
zone is constructed by two offsets on the nominal 
surface [5]. A tolerance zone can be defined by its 
dimension t  and two gaps infd  and supd ( sup infd d t   
with inf supd dd ) which locate the tolerance zone in 
relation to the nominal surface. If inf sup| | | |
2
td d   the 
nominal surface is the median surface of the tolerance 
zone, see Fig. 3. 
Equation (7) defines the set of geometric constraints 
for any surface. 
inf sup
1 0 : .ii N iS TZ N S d d   d dt n (7)
The vector 
iN
t  is the translation vector of 1S  relative to 
0S  expressed at point iN  and in  is the normal vector of 
surface 0S  at iN  with 1 i nd d . 
According to the property of small displacement 
fields, the relation (7) can be written at any point M  in 
the Euclidean space as follows:  
 inf sup0 : .i M iN S d d  d  u dit N M r n (8)
The vector r  is the rotation vector of 1S  in relation to
0S  and the vector Mt  is the translation vector expressed 
at point M  of 1S  in relation to 0S . Thus, we can write: 
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Fig. 3. Definition of a tolerance zone 
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For n  geometric constraints and equation (7), we 
obtain (10). 
sup inf
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The relation dAx b  characterizes 2n  half-spaces 
kH
  with 1 2k nd d . Their intersection define a 
geometric polyhedron (  of 6\ : 
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Fig. 4 shows an example of a 3 dimension geometric 
polyhedron of a planar surface. This polyhedron is 
expressed at a point N , the center of the rectangular 
contour of the planar surface. 
By analogy, the contact constraints are defined 
between two surfaces potentially in contact. The relation 
(7) can specialize as follows: 
inf sup: .
ii c N i
N E d d  d dt n (12)
cE  is the contact element: it can be a surface, a line 
or a point. inf
2
Jd    and sup
2
Jd    in the case of 
bilateral contact (generally, case of cylindrical pair joint, 
Spherical slider and Ball Joint). Similarly, we define a 
contact polyhedron as (11). 
 
Fig. 4. Unbounded displacements along axisxr  , axisyr   and 
axisNxt   
For the unilateral contact (generally case of point 
contact, linear contact and planar contact), inf 0d   and 
supd is not defined. Finally only the relations 
inf .
iN i
d d t n  are retained. A unilateral contact 
polyhedron is then defined by the following expression: 
^ ` 2
2
6
2 2 2
2 1
:
k n
k
k
H
 

 
  d  x A x b\ ( (13)
3.2. Geometric polytope, contact polytope 
The relative position between two any surfaces in a 
mechanical system is defined by operations on 
polyhedra (geometric polyhedra and contact polyhedra) 
of 6\ . Motived by the computational complexity of the 
Minkowski sum of polyhedra, we have chosen to 
manipulate only polytopes of 6\ . A geometric polytope 
is a bounded geometric polyhedron. A contact polytope 
is a bounded contact polyhedron. 
Generally, a geometric polyhedron is not bounded in 
6\ ; this is due the degree of invariance invd  of the 
toleranced surface. We purpose to limit a geometric 
polyhedron by adding new half-spaces cH
  called cap 
half-spaces.  
A minimum number of these half-spaces is required 
to conform a geometric polyhedron into a geometric 
polytope. This number is function of the invariance 
degree of the toleranced surface. Two half-spaces are 
necessary to limit the displacements according to each 
invariance degree. Finally, 2. invm d  half-spaces are 
required to define a polytope as follows: 
2.
1 1
k n c m
k c
k c
H H
  
 
  
§ · § ·
 ¨ ¸ ¨ ¸
© ¹ © ¹
 (                              (14) 
The adjunction of the cap half-spaces must not 
influence the topology of the polyhedron which is 
bounded. The half-spaces defined in (14) can be written 
according to the relation (15): 
:
: ' , ]0, [
T
k
T
c
H b
H C C


­ d°
®
d  f°¯
a x
a x
   (15)
'Ta  is associated to the unbounded displacements 
according to degrees of invariance. 
Fig. 5 shows an example based on the example 
presented in Fig. 4. In this example, the translation at 
point N of the planar surface according to the x-axis is 
bounded by two cap half-spaces.  
Similarly, contact polyhedra are generally not 
bounded in 6\ , this is due to the degree of freedom 
mobd  of the joint. To conform a contact polyhedron into 
a contact polytope in 6\ , 2. mobd  half-spaces are added 
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in the set of half-spaces derived from contact constraints.     
By analogy, a contact polytope is defined as a geometric 
polytope by the equation (14) where 2. mobm d . 
For unilateral contact, only n  constraints are defined 
so n  half-spaces of 6\  are only generated.  
n  cap half-spaces are firstly added to suppress the 
unilateral contact and then m cap half-spaces are added 
to limit the displacements induced by degrees of 
freedom of the joint. Thus, a unilateral contact polytope 
is defined according to equation (16): 
1 1
with 2.
k n c m n
mobk c
k c
m dH H
   
  
§ · § ·  ¨ ¸ ¨ ¸© ¹ © ¹
 ( (16)
Fig. 5. Adjunction of two cap half-spaces according to Nxt  
To recapitulate, a manipulated polytope in geometric 
tolerancing is defined according to equation (17): 
1 1
with 2
k ck n c n
k c k c
k c
H H n n n m
  
 
  
§ · § ·
   ¨ ¸ ¨ ¸
© ¹ © ¹
 ( (17)
Where kn  the number of half-spaces is kH   induced by 
geometric or contact constraints and cn  is the number of 
cap half-spaces cH
 . 
4. Influence of cap half-spaces in a Minkowski sum of 
polytopes 
It is necessary to determine the influence of the cap 
half-spaces on the topology of a resulting polytope from 
a Minkowski sum. In other words, we have to determine 
what facet and what vertex are generated by a cap half-
space in a Minkowski sum. 
Let us consider 3(  the resulting polytope from the 
Minkowski sum of polytopes (1  and (2  in some 
n\ . 
3(  can be defined as follows : 
^ `3 1 2 1 2| ,p q p q     ( ( ( ( (
We will characterize the independent faces of 
polytope 3(  from the cap half-spaces of (1  and (2 , 
where (1  and (2  are defined by their double 
description (i.e. their -. description and their - 
description). 
Fukuda has proved that any face of the sum 3(  of 
two n-polytopes 1(  and 2(  can be decomposed into the 
sum of two faces of operands 1(  and 2( ; this 
decomposition is unique. 
Let us consider the property 1: 
Property 1: an independent face of 3(  from cap faces of 
1(  and 2(  can be decomposed into the sum of two non-
cap faces of 1(  et 2( . The independent faces of 3(
from cap faces of 1(  and 2(  are called non-cap faces 
of 3( . All the other faces are called cap faces. 
Fig. 6 illustrates an example of a Minkowski sum of 
polytopes in geometric tolerancing: a polytope 1(  
results from the intersection of non-cap half-spaces and a 
polytope 2(  results from intersection of two half-spaces 
derived from geometric constraints and two cap half-
spaces. 
Let us consider the face 32e  (an edge in this case) 
from polytope 3(  such as 3 1 2 ( ( ( . 
The edge 32e  is defined as follows according the 
property of Fukuda: 32 12 22e e e    
Generally, facets of the polytope sum are translations 
of the facets of the two operand polytopes. It’s the case 
of cap facet (edge) 21e  from 2(  which is translated to 
31e  in 3( . However, other facets are created, which we 
will call facets of connection in n\  if 2n! . 
The last case show that a cap face of a polytope sum 
can be a translation of a non-cap face of one operand. 
The second property is based on normal fans of 
operand polytopes. The normal fan of a Minkowski sum 
is by definition the common refinement of the normal 
fans. A second property can be formulated as follows: 
Property 2: The normals of non-cap facets of a 
Minkowski sum of polytopes result from dual cones 
dependent only of the non-cap facets taken two by two in 
the operands.  
This proposition allows identifying the normals of 
non-cap facets in the normal fan of the sum. This is 
illustrated in the figure Fig. 7(a) as an application of the 
example of Fig. 6. The figure shows the determination of 
the common refinement  & (3 . The Fig. 7(b) shows 
the intersections of dual cones which contains only the 
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normals of non-cap facets of the operands.
 
 
 
 
Fig. 6. Minkowski sum of two polytopes of 2\  
 
 
Fig. 7. (a) Common refinement of normal fans of polytopes 1( and 2( ; (b) identification of the normals to non-cap facets using property 2 
5. Traceability of cap half-spaces in an intersection 
of polytopes 
As for Minkowski sum, it is necessary to determine 
the influence of the cap half-spaces on the topology of 
a resulting polytope from an intersection. The 
intersection of two operand polytopes 1(  and 2(  is 
determined by the intersection of all half-spaces 
characterizing the - descriptions of operands. It can 
be defined by equation (18). 
1 1
1 2
1 2
1 1
1 2
1 1
with et 
u n v n
u v
u v
u n v n
u v
u v
H H
H H
  
 
  
  
 
  
§ · § · ¨ ¸ ¨ ¸
© ¹ © ¹
  
  
 
( (
( (
(18) 
Fig. 8 shows an example of the intersection of two 
polytopes in 2\ . 
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Fig. 8. Intersection of two polytopes in 2\   
Each polytope in geometric tolerancing is defined 
according to equation (19). 
1 1
with
i k i ci i
i i i i
i i
k n c n
i k c k c i
k c
H H n n n
  
 
  
§ · § ·
   ¨ ¸ ¨ ¸¨ ¸ ¨ ¸© ¹ © ¹
 ( (19)
Where 
ik
n  is the number of non-cap half-spaces 
ik
H   
and 
ic
n  the number of cap half-spaces of 6\  denoted
ic
H  . 
Fig. 9 shows an example the intersection of two 
polytopes in 2\  including cap half-spaces. 
 
 
 
Fig. 9. Intersection of two polytopes including cap half-spaces 
Generally, the intersection of limited displacements 
by geometric or contact constraints should be 
determined in geometric tolerancing. This intersection 
results from the set of non-cap half-spaces of operand 
polytopes 1(  and 2( . As this intersection is 
generally non bounded, cap half-spaces are added to 
conform this intersection to a polytope 3(  (bounded 
set) of 6\ The polytope 3(  is obtained by equation 
(20) according to equation (17). 
31 2 31 2
1 2 3
1 2 3
3
1 1 1
ck k c nk n k n
k k c
k k c
H H H
   
  
   
§ ·§ · § ·
 ¨ ¸¨ ¸ ¨ ¸ ¨ ¸© ¹ © ¹ © ¹
   (  (20) 
where
3c
H   is a cap half-space of 3( .
 
 
Fig. 10. Definition of polytope 3(  
The topology of 3(  depends on parameters iC , 
second members of cap half-spaces defined in 1(  and 
2( . If we compare 3(  in Fig. 10 and 1 2( (  in Fig. 
9, we can observe the difference between the two 
polytopes. Generally, 3 1 2z ( ( (  because the cap 
half-spaces of the operands may restrict the desired 
polytope.  
The traceability of cap half-spaces throw an 
intersection of polytopes remains complex relative to 
the traceability throw a Minkowski sum. 
A method to determine the polytope 3(  consists of 
cutting a cube circumscribing the vertices of operand 
polytopes 1(  and 2(  by non-cap half-spaces of 1(  
and 2(  according to figure Fig. 11. Facets of 3(  
corresponding to facets of the initial cube are cap 
facets. 
 
 
Fig. 11. Proposed method for determining 3(  
6. Conclusion and future research 
In the first part of this article, we showed how 
geometric constraints characterizing the displacements 
of a surface within a tolerance zone can be made 
compliant with a geometric polyhedron. In the same 
way, contact constraints characterizing relative 
displacements between two surfaces potentially in 
contact can be made compliant with a contact 
polyhedron. Cap half-spaces were introduced to be 
able to delimit geometric polyhedra to transform them 
into geometric polytopes. These cap half-spaces limit 
the unbounded displacements of a surface within a 
tolerance zone. In the same way, contact polyhedra 
were delimited by cap half-spaces to give contact 
polytopes. These half-spaces limit the unbounded 
displacements between two surfaces potentially in 
contact. Thus the relative position of any two surfaces 
of a mechanical system can be formalized by 
operations, Minkowski sum and intersection, on 
operand polytopes of 6\ . The reason for using cap 
half-spaces to delimit polyhedra so they become 
polytopes is related to the algorithmic complexity of 
Minkowski sums of polyhedra of n\ . 
In the second and third parts the mechanisms to 
identify the cap half-spaces of a Minkowski sum and 
an intersection were described respectively. The 
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influence of cap half-spaces on the topology of a 
polytope obtained by summation or intersection is 
paramount to validate the compliance of a mechanical 
system in terms of a functional requirement. 
A prototype of tolerance analysis software is 
currently being developed based on the concepts of 
algorithmic geometry presented in this article, see Fig. 
12. With this tool will be possible to calculate the 
sums and intersections of polytopes of 6\  and ensure 
that cap half-spaces are identified. 
 
 
Fig. 12. Developped software at I2M university of Bordeaux 
References 
[1]  R. Rossignac, A.A.G. Requicha, Offsetting operations in 
solid modelling, Comput. Aided Geom. Des. 3 (1986) 129–
148. 
[2]  A.D. Fleming, Geometric relationships between toleranced 
features, Artif. Intell. 37 (1988) 403–412. 
[3]  M. Giordano, D. Duret, Clearance Space and Deviation 
Space, in: ISBN 2-212-08779-9, Cachan (France), 1993: pp. 
179–196. 
[4]  L. Homri, D. Teissandier, A. Ballu, Tolerancing analysis by 
operations on polytopes, in: ISBN 978-3-642-37142-4, 
Springer, Djerba (Tunisie), 2013: pp. 597–604. 
[5]  D. Teissandier, V. Delos, Y. Couétard, Operations on 
polytopes: application to tolerance analysis, in: ISBN 0-
7923-5654-3, Kluwer academic publisher, Enschede 
(Netherlands), 1999: pp. 425–433. 
[6]  D. Teissandier, V. Delos, Algorithm to calculate the 
Minkowski sums of 3-polytopes based on normal fans, 
Comput.-Aided Des. 43 (2011) 1567–1576. 
[7]  G. Ziegler, Lectures on polytopes, ISBN 0-387-94365-X, 
Springer Verlag, 1995. 
[8]  J.D. Boissonnat, M. Yvinec, Algorithmic Geometry, ISBN-
13: 9780521565295, Cambridge University Press, 1998. 
[9]  P. Gritzmann, B. Sturmfels, Minkowski addition of 
polytopes: computational complexity and applications to 
Gröbner bases, Siam J. Discrete Math. 6 (1993) 246–269. 
[10]  K. Fukuda, From the zonotope construction to the 
Minkowski addition of convex polytopes, J. Symb. Comput. 
38 (2004) 1261–1272. 
[11]  J. Rourke, Computational geometry in C, 2nd ed, 
Cambridge University Press, 1998. 
[12]  P.K. Ghosh, A unified computational framework for 
Minkowski operations, Comput. Graph. 17 (1993) 357–378. 
[13]  H. Barki, F. Denis, F. Dupont, Contributing vertices-based 
Minkowski sum computation of convex polyhedra, 
Comput.-Aided Des. 41 (2009) 525–538. 
[14]  Y. Wu, J.J. Shah, J.K. Davidson, Improvements to 
algorithms for computing the Minkowski sum of 3-
polytopes, Comput.-Aided Des. 35 (2003) 1181–1192. 
 
 
 
 
 
